
Chapter 6.2 Formulation of Constitutive 
Equations





6.2-2 Maxwell Convected Models
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In fixed coordinates (correspondence at t’=t):
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Also:
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Example 6.2-1 Steady Simple Shear 
functions for Convected Maxwell Models
The velocity gradient tensor components in 
Cartesian coordinates:
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The upper-convected Maxwell model becomes:
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For the lower-convected Maxwell model:
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Example 6.2-2 
Uniaxial Elongational 
Viscosity for Upper 
Convected Maxwell 
Model 1
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The upper-convected Maxwell model reduces to:
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Fig.6.2-1 Steady uniaxial elongational viscosity 
for an upper-convected Maxwell fluid 



6.3-2 Oldroyd-B Model
Oldroyd has proposed quite a few differential 
constitutive equations, the most useful being 

the Oldroyd-B (three constant) model:
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For small amplitude oscillatory shear , this equation 
reduces to the Jeffrey model of section 5.2-3:
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6.3-3 White-Metzner Model
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Example 6.3-1 Steady-State Properties of a 
White-Metzner Fluid
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For simple shear:
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Example 6.3-2 Spinning of a Viscoelastic Fluid
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Fig.6.3-1 Fiber spinning 



Integrating :
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A momentum balance on a control volume πR2(z)∆z, 
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Eqs. 6.3-18, 19 and 25 have to be solved with 
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Fig. 6.3-2 Velocity profile in fiber spinning of a White-Metzner
fluid compared to experimental data for a polystyrene melt at 
170 oC, n=1/3, DDR = 5.85 (Fisher and Denn, 1976).



b) For large De numbers:
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Fig. 6.3-2 Velocity profile in fiber spinning of a White-Metzner
fluid compared to experimental data for a polystyrene melt at 
170 oC, n=1/3, DDR = 5.85 (Fisher and Denn, 1976).
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Fig. 6.3-3 Force ratio in fiber spinning of a White-Metzner fluid 
calculated for a polystyrene melt at 170 oC, n=1/3, DDR = 5.85, 
Szz =-1 by Fisher and Denn (1976).



6.3-5 The Phan-Thien-Tanner Model
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N.B. ξ is a slip parameter. For ξ = 0, affine 
deformation is predicted!
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Fig. 6.3-6 Comparison of predictions for excess pressure drop at 
the entrance of a capillary. A single mode PTT model has been used 

with a =0.015 and ξ =0.1 (Tanner, 1985)



6.4 Integral Constitutive Equations

6.4-1 The Lodge Model

From network theory, Lodge (1968) proposed the 
following equation:
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Example 6.4-1 Elongational Stress Growth for 
a Lodge Rubber-Like Liquid.

For a start-up at constant elongational rate at 
t = 0, we have the following situations:
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For a multiple mode model:
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Fig. 6.4-1 Predictions of the Lodge model 
compared to the elongational stress growth data 
obtained by Meissner (1971) for a LDPE (Chang and 
Lodge, 1972). 5 modes were used to fit the data.



6.4-3 The K-BKZ Model

The Kaye-Berstein-Kearsley-Zapas model is an 
extension of the Lodge rubber-like elastic model:
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Special case of the Wagner model

Wagner (1976) assumed that the time and strain 
effects could be separable, hence the following 
simplified K-BKZ model has been proposed:
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The damping function h(γ) can be obtained from 
relaxation experiments such as those of Figure 
6.4-2.
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Fig. 6.4-2 Shear and normal stress relaxation 
moduli for a LDPE melt (data from Larson, 1988). 


